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ABSTRACT Semidilute solutions of polystyrene in cyclohexane have been studied by measuring small-angle 
X-ray scattering. Two structural parameters, the correlation length 5 and g, (dc /a I I ) ,  have been determined 
as a function of temperature t (34.8 I t I 62.4 "C) and concentration c (2 5 cW/' 5 150 g/cm3) for four different 
molecular weights M, (2.33 X lo5 5 M, I 2.0 X lo6). From the 5 and g, results, we observed the following: 
(1) at the @-temperature, the concentration dependence of both g, and 5 is consistent with power laws predicted 
by scaling theory; (2) at high temperatures, while data of g, support corresponding scaling laws, those of < 
give power laws different from those predicted by theory; (3) both c'g, and c t  are described by a univeral 
function of a reduced variable T/c, where T = 1 - @IT, in semidilute regions; (4) a reduced quantity g,/g,, 
(=(dn/ac),/(an/ac)) can a l ~ o  be described by a universal function of T / c ,  which is expressed in terms of binary 
and ternary cluster integrals in the semidilute-poor region ( T / c  < l), and gives corresponding power laws 
correctly in the semidilute-good region ( T / c  > 1); (5) a mean-field result, 5' = (A2Mu/12)g,, has been well 
confirmed, where A is a characteristic ratio appearing in (S ' ) ,  = MA2/6 and Mu is the molecular weight of 
the monomeric unit. On the whole, the temperature and concentration dependences oft and g, are consistently 
described by mean-field theory for poor solvents rather than the scaling theory. 

Introduct ion 
Since French groups succeeded in interpreting power law 

behavior of semidilute polymer solutions by applying 
scaling theory,'" many theoreticalG10 and experimental"-'* 
studies have been made on static properties of polymer 
solutions. In particular, semidilute-good solutions have 
been widely studied by measuring osmotic pressure,12 light 
~cattering,'"'~ small-angle neutron scattering (SANS) ,2J6 
and small-angle X-ray scattering (SAXS).17 As a result, 
it is widely accepted that scaling theory can be applied to 
polymer solutions; the concentration dependences of the 
osmotic pressure II and the correlation length obey sim- 
ple power laws predicted by scaling theory. 

A semidilute solution is a polymer-solvent mixture 
whose polymer concentration c is greater than an overlap 
concentration c*, which is usually defined as 

C* = M / N A ( S 2 ) 3 / 2  

where M is the molecular weight of the polymer, ( S  * )  is 
the mean square of the radius of gyration a t  infinite di- 
lution, and N A  is Avogadro's number. Near c*, polymer 
chains begin to overlap and then interpenetrate each other 
as the concentration increases. Thus c/c* is an important 
measure for coil overlapping in solutions. In fact, for 
semidilute-good solutions, it has been confirmed that the 
concentration dependence of II and .$ can be described by 
a universal function of C/C* ~ n l y . ' ~ J ~ J ~  Semidilute solu- 
tions are usually divided into two kinds of solutions:6 
semidilute-good solution and semidilute-poor solution, 
according to the strength of the excluded volume effect. 
These solutions respectively correspond to the semidi- 
lute-good region (11) and the semidilute-poor region (111) 
in Daoud and Jannink's phase diagram (DJ diagram) for 
polymer  solution^.^ 

Compared with semidilute-good solutions, semidilute- 
poor solutions have not been as widely studied,l'~ls and 
there remain some problems in interpreting experimental 
results as pointed out by Schaefer re~ent1y. l~ First, a 
problem arises from what theory has been used to explain 
experimental results: scaling theory or mean-field theories. 
As an example, while Cotton et al. interpreted their SANS 
data for the temperature dependence of E as the corre- 
sponding scaling behavior for semidilute-good  solution^,^ 
Okano e t  al. showed that the same data can be described 
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Table I 
Predicted Power Laws for and g, (DJ Diagram)a 

region c R, 

1', dilute-0 constant " 
I, dilute-good " 11, semidilute-good c-3/4v-1/4 c-5/4"-3/4 

111, semidilute-poor c-l C-2 

(cJJ.770u4.230 b (c-1.31u4.69) 1 

" N ,  is the number of monomeric units per chain, and u is the 
excluded volume or the binary cluster integral. *Exponents for u = 
0.58837 are presented in parentheses. 

by Moore's mean-field theory proposed for semidilute-poor 
solutions.'8 Second, more detailed experiments have given 
embarrassing results. Chu and Nose revealed that while 
the osmotic compressibility dc/dII obeys corresponding 
power laws predicted by scaling theory, the correlation 
length E shows unexpected power laws." Recently, 
Schaefer claimed that these embarrassing observations 
arise from misinterpretation of apparent power laws as 
scaling laws for good solvents: the agreement between 
observed power laws and scaling predictions is often for- 
tuitous and arises in measurements performed close to the 
crossover region between the marginal and 0 regions.lg 

By application of a magnetic tricritical theory, Daoud 
and Jannink proposed a scaling theory followed by a tem- 
perature-concentration diagram for polymer ~olu t ions .~  
Such a diagram is shown schematically in Figure la, where 
both the reduced temperature T (T  = 1 - 0/nzo and mass 
concentration c are multiplied by M to remove any de- 
pendence of the molecular weight of the polymer. As 
shown in the figure, the diagram is divided into four dif- 
ferent regions of behavior by two crossover concentrations 
c* and c**: the d i l u t e 0  (I'), dilute-good (I), semidilute- 
good (II), and semidilute-poor regions. It is believed that 
both c* and c** do not exhibit a sharp boundary separating 
different regions but rather indicate gradual changes in 
behavior from one region to another. For each of these 
regions, power laws are predicted for the temperature and 
concentration dependence of the radius of gyration (S 2 ,  

the correlation length E ,  and the osmotic pressure II. Table 
I sets out the predicted power laws for [ and g,. Here g,  
is a structural parameter that can be related to the osmotic 
compressibility dc/dII as will be shown in eq 6 in the 
following section. We have obtained the power laws for 
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Figure 1. Temperatureconcentration diagrams for polystyrene 
in cyclohexane, where 7 is the reduced temperature (7 = (T - 
6) /T) .  (a) DJ diagram.5 The boundaries c* and c** were de- 
termined by Cotton et a1.k SANS experiment applied to poly- 
styrene in deuteriated cycl~hexane-d~~.~ The dashed line rep- 
resents the range of the present experiment. (b) SJP diagram 
recast from Schaefer's Figure 3 of ref 9. The concentrated region 
(region V) does not appear because of large values of the crossover 

g, by differentiating 11 with respect to c. 
Recently, Schaefer e t  al. modified the scaling theory of 

Daoud and Jannink and proposed a new phase diagram 
(SJP diagram) by considering the local stiffness of polymer 
 chain^.^ Power laws for and g, predicted by the SJP 
theory are summarized in Table 11, and a schematic SJP 
diagram for polystyrene in cyclohexane is shown in Figure 
lb. In the SJP diagram, compared with the DJ diagram, 
characteristic is the appearance of a mean-field region, the 
marginal region (III), which is introduced as an interme- 
diate region between the semidilute-good (11) and the 
semidilute-0 (IV) regions. In  both the semidilute-mar- 
ginal and the semidilute-0 regions, scaling breaks down 
because of the local stiffness of the polymers, and mean- 
field types of theory can be applied. In  fact, the power 
laws for these two regions are derived from the results of 
Moore's theory for semidilute-poor solutions (eq A9 in 
Appendix A). 

Strictly speaking, the ordinate of these diagrams should 
be scaled in terms of u I W 2 ,  where u is the excluded volume 
or the binary cluster integral per monomeric unit. In the 
vicinity of the 0-temperature, however, u is frequently 

for the present molecular weights. 

Table I1 
Predicted Power Laws for [ and g, (SJP Diagram)" 

region { E- 

I, dilute-8 
1', dilute-good 

111, semidilute-marginal c-1/2u-1/2n3/2 c-W 
11, semidilute-good c-3/4u-l/4n-1/4 c-5/4"-3/4n-3/4 

IV, semidilute-8 C-lW-l/2n2 c-2w-1 

'n and w are the rigidity indexa and the ternary cluster integral 
per monomeric unit, respectively. 

approximated as u a r. For polystyrene in cyclohexane, 
recent light scattering experiments by Miyaki and Fujita 
have in fact shownz1 

u = 72 X 10-24r (cm3) (2) 

over the corresponding temperature range we studied. 
This equation shows that 7 is substantially a proper 
measure for the excluded volume effect. We therefore 
employ r in place of u in analyzing and discussing our 
experimental results. 

In the present study we attempt to examine what theory 
can be applied to semidilute solutions by analyzing results 
of and g, gathered by SAXS measurements carried out 
over a wide range of concentration and temperature for 
various molecular weights of polystyrene in cyclohexane. 

Experimental Section 

for monomer distribution in solution by' 
Scattering Law. We define a pair correlation function G,(r) 

where pm is an average number density of the monomeric unit, 
p,(r) is an instantaneous number density at point r, and the 
angular brackets denote statistical mechanical average. The 
scattering law S,(h) per monomeric unit is given by the Fourier 
transform of G,(r):22 

where h is the scattering vector whose magnitude h = (47r/X) sin 
8 ( h  is the wavelength of the incident X-rays, and 0 is half the 
scattering angle). Several scattering experiments3J7J8 have 
demonstrated that S,(h) has a Lorentzian form in the interme- 
diate h range: 

where 1 is the step length of a polymer chain. A structural pa- 
rameter [ is called the correlation length or screening length and 
was first introduced by Edwards.23 Although no proof has been 
given, another structural parameter g, may be related to the 
osmotic compressibility ac/dII by 

g m / N m  = (RT/M)ac/an (6) 

where N ,  is the number of monomeric units per polymer chain 
whose molecular weight is M ,  R is the gas constant, and T is 
temperature. 

Sample Preparation. Four monodisperse polystyrenes (M,  
X = 2.33,6.0,9.5, and 20; Mw/Mn < 1.1) were purchased from 
Pressure Chemical Co. and were used as samples without further 
purification. Cyclohexane (Nakarai Chemicals Co.) was dried over 
calcium hydride and then fractionally distilled. All solutions were 
prepared under stirring in sealed tubes kept at 45-50 "C for more 
than a week. To prevent precipitation of the polymer solute, the 
solutions were kept warm until SAXS measurements. 

Sample mass concentrations c in g/cm3 were calculated by 
c = wp (7) 

where w is the weight fraction of the polymer and p is the density 
of the solution. Values of w were determined by weighing. The 
density p, which depends on both the temperature and concen- 
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tration, was calculated from Scholte's empirical equation for p.24 
Overlap Concentration c *. The overlap concentration c* 

at a given temperature was calculated by using eq 1, where we 
used M ,  and (S 2 ) z  in place of M and ( S  '), respectively. We 
estimated values of (S2 ) ,  by using the relation ( S 2 ) ,  = as2(S2)o,, 
where as is the expansion factor and (S2)oz1/2 is the z-average 
unperturbed chain dimension. The calculation method is as 
follows: First, we calculated the value of (S'),,  for molecular 
weight M ,  according to the empirical equation obtained by Miyaki 
et al.;25 

( S 2 ) 0 2  = 8.8 X lO-'*M, (cm2) (8)  

Second, from the results of light scattering experiments,2630 we 
obtained os as a function of the reduced temperature TM,''~ by 
least squares: 
as2 = 
1 + 7.8 X 10-3rM,'/2 - 2.4 X 10-5(~M,'/2)2 (TM,"* < 200) 

(9) 

Then we calculated values of ( S ' ) ,  as a function of temperature 
and molecular weight of the polymer by combining eq 8 and 9. 

SAXS Measurements. SAXS measurements were carried out 
with a Kratky U-slit camera using a Cu-anode tube as an X-ray 
source. Scattered intensity was measured with a scintillation 
counter, which was scanned stepwise automatically. Collimation 
error due to the line-shaped cross section of the primary beam 
was corrected by Glatter's iterative method.31 The power of the 
beam per unit length P was measured by a secondary standard 
sample, a Lupolen platelet calibrated by Kratky and co-worker~.~~ 
The sample cell was a thin quartz capillary whose diameter d is 
about 2 mm. The temperature of the sample was controlled within 
f O . l  "C by circulating water from an external regulated bath. 

The scattering law S,(h) per monomeric unit was determined 
by the excess scattered intensity I (h ) ;  

S,(h) = (l/KcM,)(a2/Pd)I(h) (10) 

where a is the distance from the sample to the detector. K is a 
contrast factor given by 

(11) 

where i, is the Thomson constant (i.e., the scattering cross section 
of a free electron, 7.94 X cm2), z is the moles of electrons 
in 1 g of solute, u2 is the partial specific volume of the solute, and 
pe is the moles of electrons per unit volume of solvent. Values 
of K at different temperatures and concentrations were corrected 
by estimating up, using Scholte's empirical equations for the 
solution density.24 

Results and Discussion 
Figure 2 shows typical examples of the reciprocal scat- 

tering law S,(h) plotted vs. h2 at various temperatures for 
a semidilute solution. Although a slight downturn appears 
at smaller angles, especially at high temperatures, the 
linearity observed at intermediate h range is ensured by 
eq 5 .  The intercept and slope of these lines give values 
of g, and E .  

The average slope of the downturn is found to become 
steeper and steeper with increasing temperature. This 
"anomalous" scattering was first imputed to ill-removed 
dust. However, recent light33-35 and neutron35 scattering 
experiments have demonstrated that this phenomenon is 
genuine and characteristic of conditions of solutions. 
Unexpectedly, the scattering arises for good solvents such 
as toluene and tends to vanish for poor solvents such as 
cyclohexane at the 0-temperature. In part 1 of this series, 
concerning polystyrene in toluene," we also found similar 
scattering behavior, which becomes much more pro- 
nounced as concentration increases. Also in the present 
study, we observe similar scattering behavior; as shown in 
Figure 2 ,  the scattering effect becomes more pronounced 
as either temperature or concentration is raised. Although 
it is interesting to analyze the temperature and concen- 

K = i,(t - O , ~ , ) ~ N ,  
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Figure 2. Inverse of the scattering law S,(h) as a function of 
h2 for polystyrene (M,  = 6.0 X 10') in cyclohexane at concentration 
u, = 0.1227. Measurements were made at temperatures of (a) 34.8, 
(b) 38.7, (c) 41.0, (d) 44.1, (e) 48.7, (f) 53.3, (g) 57.3, and (h) 62.4 
OC from bottom to top. 

tration dependence of the scattering, we do not attempt 
to  discuss this phenomenon further here. 

Scaling theory predicts that  g,/N, or the reduced os- 
motic compressibility (RT/M)dc/dn is a universal function 
of C/C* and has the following limiting power law at C/C* 
> 1 , 1 3 4  irrespective of the molecular weight of the polymer: 

where y = 1/(3v, - 1) in a @-solvent and y = 1/(3v - 1) in 
a good solvent. The value of the tricritical exponent ut is 
0.5, yielding y = 2.5 The exponent v is the excluded volume 
exponent appearing in the relation (S 2, a in the limit 
M - m. The Flory theory gives v = 0.6 (y = 5/4) exactly,36 
while the recent n-vector model with n = 0 suggests Y = 
0.588,37 yielding y = 1.31. a, is a proportionality constant 
depending only on V M / ~ .  Although somewhat artificial, 
eq 12 can also be derived from the SJP theory if we notice 
that the expansion factor as is a universal function of the 
excluded volume parameter or uMIJZ and the ternary 
cluster integral w is expected to be independent of the 
reduced temperature T (Appendix B).39 According to the 
SJP theory, the same values of y, y = 1.25 and y = 2, are 
also predicted for its semidilutegood (11) and semidilute-8 
(IV) regions, respectively, and y = 1 is predicted for the 
semidilute-marginal region (111). As mentioned earlier, 
since u is proportional to  the reduced temperature T for 
the present system, g,/N, is therefore a function of c/c* 
for a given reduced temperature r i W 2 .  Many osmotic and 
light scattering experiments have established the C/C* 
universality and the limiting law of eq 12, especially for 
semidilute-good s o l u t i ~ n s . ~ ~ J ~  Moreover, also for semi- 
dilute-poor or fholutions, recent light scatteringI5 and 
osmotic pressure40 experiments have shown the c/c* 
universality and the limiting power law. 

Figure 3 shows double-logarithmic plots of the reduced 
g,/N, as a function of the reduced concentration c/c* a t  

g m / N m  = a,(c/c*)-' (12) 
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be observed; the value of a, for M ,  = 2.0 X lo6 is ap- 
proximately 0.29, which is somewhat larger than an = 0.20 
for Mw = 6.0 X lo5. For the purpose of comparison, we 
also show recent results obtained by Ito et al.40 and 
Stepanek et al.,15 from which we obtain a, = 0.08 and 0.17, 
respectively. According to a recent mean-field theory of 
Benoit and Benmouna,4I the concentration dependence of 
g, a t  the @temperature (A, = 0) is given up to order c2 

g,/N, z (3A3iM)-1~-2 (13) 

from which we obtain an = 6.9 X 10-5A3-1 by substituting 
both the definition of c* and the relation of eq 8 into eq 
13. It has often been assumed that not only the second 
virial coefficient A, but also the third virial coefficient A3 
vanish a t  the same time a t  the @temperature. However, 
the nonzero values of a, suggest that A3 does not vanish 
even a t  the @-temperature for this system. Referring to 
eq 13, we see that the difference in the values of an in- 
dicates that A3 depends on molecular weight of the poly- 
mer; the values of A3 estimated from eq 13 are 2.4 X lo4 
and 3.5 x mol cm6 g-' for M ,  = 2.0 x lo6 and M ,  = 
6.0 x lo5, respectively. Some years ago, Vink carried out 
precise measurements of osmotic pressure,39 showing that 
A, does not vanish at the @temperature and depends on 
the molecular weight of the polymer. From his results we 
obtained A, N 3.6 X mol cm6 8-I for M ,  = 4.0 X lo5 
a t  the @temperature, in good agreement with our values. 

An unexpected deviation from eq 12 is observed for the 
data of M, = 2.33 X lo5; g, /N,  decreases more rapidly 
than c - ~  with increasing concentration a t  c/ce* 2 1.5. This 
is probably due to the contribution of the fourth virial 
coefficient A, and higher order virial coefficients. 

Similarly, the reduced correlation length E /  (S ,) ' I 2  is 
often assumed to be a universal function of c/c* irre- 
spective of the molecular weight of the polymer.' In sem- 
idilute regions, where c/c* > 1, a limiting law 

E /  ( S 2 ) 1 / 2  = a,(c/c*)-* (14) 

is assumed, where ut should be a constant independent of 
the molecular weight. The value of the exponent z should 
be 1 in a 0-solvent and vl(3v - 1) in a good solvent. As 
presented in Table I, z = 0.75 for Y = 0.6 and 0.77 for Y 

= 0.588. For a marginal solvent, the SJP theory predicts 
z = 1/2.9 Equation 14 has been confirmed by light scat- 
tering', and SAXS'I experiments for semidilute-good so- 
lutions of polystyrene in toluene. 

Figure 4 shows the concentration dependence of E /  
(S 2)z1 /z  observed a t  the three different reduced temper- 
atures. At the 0-temperature (7MW1I2 = 0), the value of 
the line is approximately -1, in good agreement with z = 
1 predicted by scaling theory. As the temperature is raised, 
the value of the slope at c > c* decreases in magnitude. 
This seems to indicate the solutions approach the semi- 
dilute-good region (11). 

Nevertheless, unexpected behavior similar to that of g, 
is observed. The value of at varies with the molecular 
weight of the polymer; ut decreases with decreasing mo- 
lecular weight, inconsistent with the assumption of the 
scaling theory. According to Benoit and Benmouna's 
theory,41 ut for the system a t  the @-temperature can be 
related to A, as a t  = 4.2 X 10-5A3-1, where we used the 
definition of c* (eq 1) and eq 8. As an example, we ob- 
tained the value a( = 0.43 for M ,  = 2.0 X lo6, yielding A3 
= 2.3 x IO4 mol cm6 g-', which is in good accord with that 
estimated from an. This agreement suggests that the 
variation in the value of a, is due to the molecular weight 
dependence of AB. 

by 
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Figure 3. Double-logarithmic plots of g,/N, as a function of 
the reduced concentration C/C* at various temperatures: (a) 
T M ~ ~ / ~  = 0.0 (@-temperature); (b) T M ~ ~ / ~  = 63.7; (c) T M ~ ~ / ~  = 110. 
Symbols: (0) M ,  = 2.0 X lo6; (A) Mw = 9.5 X lo5; (0) M ,  = 6.0 
x IO5; (A) M ,  = 2.33 X lo5. The dashed and dash-dotted lines 
represent the light scattering result by Stepanek et al.I5 and that 
of osmotic pressure by It0 et al.,40 respectively. Solid lines whose 
slope is -2 are drawn for M ,  = 6.0 X lo5 and 2.0 X lo6. 

three different reduced temperatures rMw'iz for different 
molecular weights. At the @-temperature = O), 
g,/N, obeys the limiting law of eq 12; g,/N, is propor- 
tional to (c/c*)-, a t  concentrations c > ce*. The value of 
the exponent y observed decreases with increasing tem- 
perature, At the highest temperature (7MW'/' = 110), the 
value of y is approximately 1.35, which is in good agree- 
ment with that of 1.31 ( Y  = 0.588) predicted in the semi- 
dilute-good region (11). 

However, some unexpected results are observed. In 
contrast to the results of Stepanek e t  al.,15 no c/c* univ- 
ersality is observed over the concentration and temperature 
range we studied. That is, although the proportionality 
constant a, should be independent of the molecular weight 
of the polymer, a distinct difference in the values of an can 
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Figure 4. Double-logarithmic plots of the reduced correlation 
lenpp;$/.( S 2 ) L 1 / 2  as a function of c /e* at various rMw112, where 
( S  ) 2  is the z-average radius of gyration at infinit dilution. 
Symbols are the same as in Figure 3. 
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Figure 5. (a) Double-logarithmic plots of g, as a function of 
rM,"' at various concentrations for M ,  = 6.0 X lo5. The slope 
of the straight lines is -0.5. Symbols: ( f i )  w = 0.04555; (0) w 
= 0.06676; (q w = 0.08147; (e) w = 0.1110; (4 w = 0.1337; (&) 

2.0 x lo6. Symbols: (a) w = 0.02521; (9) w = 0.07668; (d) w = 
0.1034; (b) w = 0.1138. The slope of the limiting lines is ap- 
proximately -0.66. Dashed lines represent corresponding values 
of g, at the @temperature. 

UI = 0.1616; ( A ) w = 0.1765; (0) w = 0.2070. (b) Plots for M ,  = 
As we have seen in the concentration dependence of g,, 

the solutions a t  the highest temperature (rMW1/' = 110) 
show good solvent behavior; i.e., y = 1.35. On the other 
hand, for the same solutions a t  TM,'~' = 110, we have 
obtained an unexpected value, z = 0.65, which is consid- 
erably smaller than z = 0.77 (v = 0.588) predicted by 
scaling theory. This disagreement was also observed in 
light scattering experiments by Chu and Nose,ll showing 
that g, obeys the scaling laws predicted in the semidi- 
lute-good region (11); on the other hand, 5 does not. The 
value of z reported in their work is approximately 0.61, 
which is consistent with our value 0.65. 

The temperature dependence of g, is examined in parts 
a and b of Figure 5, showing typical double-logarithmic 
plots of g, as a function of the reduced temperature T M , ~ / ~  
for molecular weights M ,  = 6.0 X lo6 and 2.0 X lo6, re- 
spectively. For both molecular weights, g, decreases with 
increasing temperature for fixed concentrations. Two 
distinct regions of behavior are observed. That is, while 
a t  low temperatures g, is almost independent of T ,  a t  
higher temperatures (TM,~'' > 20) g, obeys power laws. 
According to scaling theory, the value of the slope is pre- 
dicted to be -0.75 for v = 0.6 and -0.691 for v = 0.588. 
Recent light scattering experiments have shown that tem- 
perature exponents observed have values of -0.7511 and 
-0.68.15 In our results of M ,  = 2.0 X lo6 shown in Figure 
5b, we obtain the corresponding value of the exponent 
-0.66, in excellent agreement with the prediction and the 
experimental values mentioned above. The good agree- 
ment in the values of the temperature exponent indicates 
that  the solutions a t  large TM,'/' are in the semidilute- 
good region (11). This is consistent with the earlier ob- 
servation in the concentration dependence of g,, showing 
good solvent behavior g, c-1,31 a t  T M , ~ / ~  = 110. On the 
other hand, as Figure 5a shows, the results for M ,  = 6.0 
X lo5 do not give the expected power law, but a smaller 
value of the slope, -0.5. Taking into account that TM,I/' 
is a measure for the strength of the excluded volume effect, 
the reason for this discrepancy is that the solution does 

0 I 
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I I -. ..- 
1 IO 100 

1031 ~ 1 

rJiji 
Figure 6. Double-logarithmic plots of t 2  as a function of rMW1'* 
at various concentrations. Symbols are the same as in Figure 5.  

not reach the good solvent limit. 
Parts a and b of Figure 6 show typical double-loga- 

rithmic plots of 5 * as a function of the reduced temperature 
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rMW’J2 for the same solutions as shown in parts a and b 
of Figure 5, respectively. A temperature dependence quite 
similar to that of g, is observed; 5 is almost temperature 
independent a t  small TM,’/~ and seems to obey limiting 
power laws a t  large 7MW1f2. As Figure 6a shows, the pre- 
dicted power law can be observed for semidilute solutions 
of M ,  = 6.0 X lo5; the value of the slope is approximately 
-0.5, in good agreement with -0.461 (v = 0.588) predicted 
for the semidilute-good region (11). This power law has 
also been confirmed in an earlier SANS experiment by 
Cotton et aL3 However, our data for M ,  = 2.0 X lo6 show 
an unexpected value for the temperature exponent. The 
value is approximately -0.68, which is considerably smaller 
than -0.461. As a matter of fact, a similar value, -0.7,  has 
also been reported in the light scattering experiment by 
Chu and N0se.l’ Thus, even if the value of the tempera- 
ture exponent observed in our data for M ,  = 6.0 X lo5 and 
those obtained by Cotton et al. agree well with the pre- 
diction of the scaling theory, this agreement does not give 
evidence for the scaling theory. Schaefer claims that 
measured exponents are often misinterpreted as scaling 
exponents predicted for semidilute-good  solution^.'^ Ac- 
cordingly, it is possible that the unexpected exponents of 
6 found a t  the higher temperatures correspond to the in- 
termediate values expected in the ct crossover region of 
the S J P  diagram: for example, the observed value -0.65 
for the concentration exponent of 6 can be interpreted as 
an “apparent” or intermediate one between the two values 
-0.5 and -1, which are expected in the marginal (111) and 
8 (IV) regions, respectively. Conversely, this implies that 
the agreement between the observed power law exponents 
for g, (9, 0: c-1,35 and g, 0: 7-0,69) and the predictions of 
the scaling theory is fortuitous: according to the SJP 
diagram,g the value -1.35 can be regarded as an interme- 
diate one between the exponent -1 for the marginal region 
and the exponent -2 for the 8 region. 

In light of Stepanek et al.’s findings,15 we have derived 
expressions for t as a universal function of a reduced 
variable 7/c from Daoud and Jannink’s tricritical theory5 
and Moore’s mean-field theory6 (see Appendix A). That 
is, in the semidilute regions where c > c* 

c2l2 0: ( 7 / ~ ) - ( * ‘ - ~ ) / ( ~ ~ ’ )  ( T / C  >> 1) (15) 

C2F2 = A2[36N~2B2 + 12NAB10(T/C)]-1 ( 7 / C  << 1) 
(16) 

where 7/c >> 1 and 7 / c  << 1 correspond to the semidi- 
lutegood and semidilute-poor regions, respectively. Here 
in eq 15 we assume u 0: T ,  which is actually valid for the 
present system.21 The parameter Blo is an initial increment 
of a parameter B,, which is related to the binary cluster 
integral u: i.e., B,  = BlOr near the @temperature. Bz is 
a parameter that is related to the ternary cluster integral 
w.18,42 Since the parameters appearing in eq 16 are as- 
sumed to be independent of the molecular weight M of the 
polymer, ct becomes thus a universal function of 7 / c  only. 
When T / C  >> 1, eq 15 gives 5 a: ~ ” ~ ~ ’ 7 ~ ~ ~ ~  (for v = 0.588), 
which is consistent with the power law predicted for the 
semidilute-good region (11). More recently, Schafer has 
derived a similar formula to eq 15 by applying renor- 
malization group theory and has shown that c2 t2  is a 
universal function of T / C  by examining Cotton et al.’s 
SANS data of E.’ 

In Figure 7 we examine eq 15 and 16 by plotting c z t 2  
vs. T / C  for M ,  = 2.0 X lo6 and 6.0 X lo5. All the data 
satisfying c > ce* are included in the plots. Figure 7 clearly 
shows that c21 is a universal function of T / C  over the range 
we studied. The same behavior as already shown in Figure 
6 is observed. Although c2F2 is assumed to be independent 
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Figure 7. Double-logarithmic plots of c2[ as a universal function 
of T / C  for semidilute solutions. All the data satisfying c > ce* 
are included. Symbols: (0) w = 0.1227, (d, LC = 0.1488, and (0)  
w = 0.1775 for M ,  = 6.0 X lo5; p) w = 0.06817, (p) w = 0.06863, 
(Q) w = 0.07702, (t) w = 0.07740, (9) w = 0.08272, (@ w = 
0.09002, (0) w = 0.09006, (4 w = 0.09658, (4) u! = 0.1079, (0 )  
w = 0.1187, and (0) w = 0.1330 for M ,  = 2.0 X lo6. Other symbols 
are the same as in Figure 5. 

I I 1  I I I 

T / C  (cm3g-’ 
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Figure 8. Double-logarithmic plots of g,/g,, as a universal 
function of T / C  for semidilute solutions of different molecular 
weights. Symbols are the same as in Figure 3. The symbol (+) 
denotes data by Stepanek e t  a1.I5 for very high molecular weight 
( M ,  = 2.06 X lo7) and the dashed line represents their result: 
g,/g,, = 0 . 2 1 6 ( s / ~ ) ~ . ~ ~ .  

of M ,  careful observation reveals that the value of c2[ * for 
M ,  = 2.0 X lo6 is slightly larger than that for M ,  = 6.0 
X lo5 over the whole range of 7/c.  This indicates that 
parameters Blo and B2 depend on M .  

Recently, Stepanek et al. found that a reduced quantity 
g,/g,, (=(aI I /ac) , / (aI I /ac) )  can be described by a univ- 
ersal function of 7/c.15 From eq A7 and A l l  in Appendix 
A, we obtain 

g,/g,, - (T/C)-(6’-3)/(3r’) ( T / C  >> 1) (17) 

g m / g m ,  = + (BIO/3NAB2)(7/c)]-’ (7/c  << 1) (18) 
To examine eq 17 and 18, we plot g,/g,, vs. 7 /c  for sem- 
idilute solutions of various molecular weights in Figure 8, 
where we also plot the result by Stepanek et al. together 
with the limiting law they reported: 

g,/g,, = 0 . 2 1 6 ( ~ / c ) - ~ , ~ ~  (19) 

From Figure 8, where all the data satisfying c > ce* are 
included, it is evident that g,/g,, is a universal function 
of 7/c only. The agreement between our result and that 
by Stepanek et al. is surprisingly good. Furthermore, the 
value of the limiting slope a t  large T / c  is close to that of 
-0.69 (V = 0.588) predicted by the scaling theory (eq 19). 
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Figure 9. Plots of (c*g,)-' as a function of TIC for semidilute 
solutions of different molecular weights. Symbols: (0) w = 0.2102, 
(b) w = 0.2328, (6) w = 0.2748, (0) w = 0.3206, and (0) w = 0.3647 
for M ,  = 2.33 X lo5; (0) w = 0.08938, (Q) w = 0.1075, and @) 
w = 0.1413 for M ,  = 9.5 X lo5. Other symbols are the same as 
in Figures 5 and 7 .  

Table I11 
Values of the Parameters B l o  and B 2  for Polystyrene in 

Cyclohexane 
M, x B,, X cm3 E ,  X lo6,, cm6 Blo/3NAB,  

6.0 6.4 9.4 3.8 
9.5 5.8 8.7 3.7 
20 5.0 6.8 4.1 
other works 6.6" 25,b 13c 3 d  

Reference 21. Estimated from Ito et  a1.k data.40 Estimated 
by interpolation of A, values obtained by Vink.39 dObtained from 
eq 15 in ref 15. 

Assuming the observed power law as that predicted in 
the semidilute-good region (11), we can determine the c** 
crossover. That is, the intersection between the horizontal 
line g,/g,, = 1 and the observed limiting law of eq 19 gives 

T**/C** = 0.1 (20) 

where T** is a reduced temperature corresponding to c**. 
Near T**/c** 0.1, a gradual change in the behavior of 
g,/g,, takes place and it seems to obey the limiting law 
of eq 19 a t  r/c Z 0.5. 

It is believed that mean-field theory is applicable to the 
poor regions, regions I' and 111, where the excluded volume 
effect is weak. Since Edwards proposed a mean-field 
theoryz3 for semidilute solutions, several mean-field the- 
ories have been proposed. Instead of the recent Benoit- 
Benmouna theory,41 we here intend to examine Moore's 
theory6 because his theory embodies essential features of 
mean-field theory. However, instead of the original Moore 
expressions, we use a modified formula in order to see how 
the theory is related to the universal properties of g,. The 
resultant formula we derived is as follows (see Appendix 
A) : 

l/c2g, = 3MuNA2B2 + MuNABIO(~/c) (T/C << 1) 
(21) 

from which in fact we obtain eq 18. To verify eq 21, we 
have plotted the inverse of czg, vs. r/c for the respective 
molecular weights in Figure 9, where all the data plotted 
in Figure 8 are replotted. The good linearity observed in 
the figure shows the validity of eq 21. As mentioned 
earlier, nonzero values of the intercept of these lines in- 
dicate that Bz or A3 does not vanish even a t  the 8-tem- 
perature. A departure from linearity a t  r/c Z 1 is due to 
the scaling behavior in the semidilute-good region. Ac- 
cording to  eq 21, the intercept and slope of the lines give 
values of Blo and BS. The values thus determined are 

- 
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13 102 103 IO' I$ 
4, 

Figure 10. Double-logarithmic plots of 6 and g, for different 
molecular weights. All the data obtained in the present study 
are included. The straight line, whose slope is 0.5, gives a value 
of 0.76 k, for the characteristic ratio A (see eq 22). 

summarized in Table I11 together with those estimated by 
other experimental methods. Although these parameters 
should be independent of the molecular weight of the 
polymer, both Blo and Bz tend to decrease with increasing 
molecular weight. This may correspond to the observation 
that both Az and A, are decreasing functions of the mo- 
lecular weight of the polymer.39 Notwithstanding this, the 
agreement between our values and those estimated by 
other methods is rather good when we consider the ap- 
proximations applied to eq 21. Further, it should be noted 
that the coefficient Blo/3NABz appearing in eq 18 is almost 
independent of the molecular weight of the polymer, 
conversely ensuring that g,/g,, is a universal function of 

Turning now to the observed values of the scaling ex- 
ponents of g, and 5, we easily notice that the values for 
g, are almost twice those for [. This suggests that  t Z  is 
proportional to g,; i.e., .$ g,, which is analogous to the 
well-known relation ( S 2 ) 0  0: M. As a matter of fact, ac- 
cording to mean-field theories,6s41 we can obtain 

T I C .  

It is worth mentioning that eq 22 predicts not only pro- 
portionality between g, and .$ but also an exact value of 
the proportionality constant. It is also important to note 
that the characteristic ratio A, appearing in the relation 
( S  2)0  = MA2/6, can be determined by other experimental 
methods such as light scattering operated in the dilute-0 
region. For example, Miyaki et al.'s eq 8 gives A = 0.73 
A. In the previous paper,17 we verified eq 22 by measuing 
SAXS applied to semidilute solutions of low-molecular- 
weight polystyrene in toluene: the value of A observed in 
the experiment is 0.71 8, in excellent agreement with the 
results obtained from unperturbed chain dimension 
( S  2)01/z, which range from 0.68 to 0.77 k21,38,43 

Figure 10 shows double-logarithmic plots of [ vs. g, for 
all the data we obtained in this study for all the molecular 
weights. As clearly shown in the figure, almost all the data 
fall on a single straight line whose slope is approximately 
0.5, confirming the proportionality between E 2  and gm. 
Moreover, the value of A determined by the line is 0.76 
A, in excellent agreement with other experimental values 
mentioned above. Hence the results of ( and g, give ev- 
idence for the validity for eq 22 or mean-field theories and 
indicate that most of our data are in poor solvent regions. 
According to the recent thermal blob h y p o t h e s i ~ , ~ , ~ ~  the 
mean-field result ( = g, can also be expected when the 
correlation length ( is less than the radius !j7 of a thermal 
blob. Recently, based on a procedure similar to that of 
Akcasu and Han,44 we have derived a semiempirical 
equation giving the value of t7 as a function of only the 
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reduced temperature 7 for polystyrene in various solvents, 
including cyclohexane.45 In part 1 of this series,l' applying 
this equation to polystyrene in toluene, we have estimated 
the value of 6, for this system and found the proportion- 
ality ,$ a g, for the data satisfying ,$ < ,$,. Using the same 
equation for the present system, we have calculated values 
of ,$, at different temperatures and then found that almost 
all the data satisfy [ < E,. As an example, we have obtained 
5, = 117 8, for t = 60.8 "C, which is larger than any value 
of ,$ observed a t  this temperature. On the other hand, as 
we have shown in part 1 of this series,,' another relation, 
E 2  0: gmSU, predicted by the blob hypothesis would be ob- 
served also for the present system when [ > [,. 
Conclusion 

Data of both [ and g, gathered by SAXS measurements 
have been analyzed and discussed in connection with 
scaling theories and mean-field theories proposed for 
semidilute polymer solutions. First, we have examined 
Daoud and Jannink's tricritical theory or scaling the0ry.l~~ 
I t  is found that the temperature and concentration de- 
pendences of g, can be described by the theory: observed 
temperature and concentration exponents of g, agree well 
with those predicted by the theory in both the semidi- 
lute-good and semidilute-poor regions. Additionally, the 
concentration dependence of ,$ observed at  the 8-tem- 
perature is found to agree with the power law predicted 
by the theory. However, on the other hand, neither the 
temperature nor the concentration exponent for ,$ observed 
a t  high temperatures agrees with the prediction of the 
theory. Although no distinct ct crossover is observed, this 
disagreement implies that  all the power laws observed at  
higher temperatures are apparent: the agreement between 
the observed exponents of g, and the predicted scaling 
laws for good solvents may be fortuitous. Second, universal 
properties of [ and g, have been examined. Instead of 
finding c /c*  universality, we have demonstrated that a 
reduced variable c[ or c2g, for a given molecular weight 
is a universal function of T/c  in semidilute regions. In 
particular, g,/g,, has been given as a universal function 
of T / c  only, irrespective of the molecular weight of the 
polymer. Finally, we have examined Moore's mean-field 
theory6 for poor solvents. In the semidilute-poor region 
(7/c << I), the variation of g, and ,$ with both temperature 
and concentration is found to be well described quanti- 
tatively by the mean-field theory rather than Daoud and 
Jannink's theory. 

Appendix A 

for the correlation length 
be written as 

Daoud and Jannink5 have indicated that the scaling law 
near the tricritical point may 

[ 2( p,  u )  = u-24/+tft( p / ul/+t) (AI) 

where p is a reduced temperature of the magnetic analogue 
and ut and & are the tricritical exponents whose values are 
close to 1 /2  for the dimensionality of space d = 3. The 
function f & x )  has a limiting power law f&x)  a x-2u or f & x )  
a ~ - ~ ~ t ,  according as x << 1 or x >> 1. In the semidilute- 
good region (11), p / u l / * t  << 1 and p a c ~ / ( ~ ~ - ~ ) u ( " ~ ~ ) ~ ~ ( ~ ~ - ~ ) ,  
while in the semidilute-poor region (111), p/ul/+t >> 1 and 
p 0: cl/("td-l). When d = 3 and ut = & = ll2, we thus obtain 

p/ul/+t a x-1/(3~-1) (x >> 1; region 11) (A2) 

p/u ' l@t 0: x-2 ( x  << 1; region 111) (A3) 

Here we introduce a reduced variable x, which is defined 
as 

x = u / c  (A4) 
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Combination of eq A1 and A2 or eq A 1  and A3 gives 

,2[2 c - ( 4 r 2 ) / ( 3 ~ 1 )  (x >> 1) (A51 

c 2 t 2  a constant (x << 1) (-46) 

Recently, Schafer8 derived the same limiting law as eq A5 
by applying renormalization group theory. The crossover 
between the semidilute regions I1 and I11 takes place when 
x = x** ( r l ) ,  which corresponds to c** in the DJ diagram. 

In a similar way, we may derive the following universal 
formula for g, from the predicted power laws for IL5 

c2gm a ~ - ( 6 ~ 3 ) / ( 3 ~ 1 )  (x >> 1) (-47) 

c2g, a constant (x << 1) (A81 

According to Moore's mean-field theory for the semi- 
dilute-poor region (111); an explicit formula for g, can be 
obtained:18 

l/g, = MuNAB1c + 3MUN~'B2C2 (C > c*) (A9) 

where B1 and B2 are the parameters that are related to the 
binary and ternary cluster integrals, r e s p e c t i ~ e l y . ' ~ ~ ~ ~ ~ ~ ~  
Frequently, the temperature variation of B,  is approxi- 
mated near the @temperature as38 

B1 = B l o T  W 0 )  

and B2 is assumed to be independent of the temperat~re. ,~  
Substituting eq A10 in eq A9, we obtain 

1/C2g, = 3kfuN~'B2 + MuNABIO(~/c) (X << 1) 
( A l l )  

which corresponds to an expression a t  x << 1 to the first 
order of x. Equation A l l  can also be reproduced from the 
recent Benoit-Benmouna theory.41 From their theory, we 
can derive an expression of g, up to the order of c2: 

l/g, = 2A2Muc + A3MUc2 (c > e*) (A12) 

If we assume single-contact approximations, i.e. 
A2 = NAB1/2 (A131 

A, = NA2B2 (-414) 

Additionally, mean-field theories give another important 

E 2  = (A2Mu/12)gm (A151 

where A is a characteristic ratio appearing in the relation 
( S 2 ) o  = A2M/6. Combining eq A l l  and A15, we obtain 
an expression for [ at  x << 1 to the first order of x: 

then eq A12 reduces to eq A9 and finally to eq A l l .  

result for [ and gm:6,41 between [ and g, 

c 2 t 2  = A2[36NA'& + 12NABlo(~/c)]- '  (x << 1) 
(A161 

Appendix B 
On the basis of the SJP theory? we can easily show that 

g,/N, is a function of @N, and uNm112 in the two mean- 
field regions: 

gm/N, = a3[(4N,1/2)(uN,1/2) + 3wa-3(4N,1/2)2]-1 (Bl )  

where 4 is the volume fraction of the polymer and a is the 
bond length. Here the ternary cluster integral w is as- 
sumed to be independent of t e m ~ e r a t u r e . ~ ~  This equation 
corresponds to Moore's equation (eq A9). In the present 
paper we define the crossover concentration +* by the 
equation 

4* = Nma3/(S2)3/2 = as-3N m -1/2,-3/2 032) 

where we use the relation ( S 2 )  = ois2(S2)o with ( S 2 ) o  = 
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nlv , , ,~~ .~  This equation leads to 

4N,,,'12 = c ~ ~ - ~ n - ~ / ~ ( 4 / 4 * )  033) 

Substituting eq B3 into B1, we obtain gm/gm, as a function 
of 4/4* and vN,,,'P 
gm/Nm = 

~ u ~ ~ n ~ / ~ [ ( ~ / ~ * ) ( v N " / 2 )  + 3as-3/zwn-3/2 a -3 (4/4*)1-l 
034) 

where as is a universal function of the excluded volume 
parameter or vNm1/2.21,38 

For the correlation length &, we can also show that t /  
(S2)1/2 is a function of these two reduced variables: 
combining eq A15 and B4, we obtain 
[ / ( S 2 ) 1 / 2  = as-1/2n-3/4 a -3 / 2 [(4/4*) x 

(uN,,,'/~) + 3 ~ l ( r ~ - ~ ~ ~ n - ~ ~ ~ a - ~ ( ~ / ~ * ) ] - ~ / ~  (B5) 

Registry No. Polystyrene, 9003-53-6. 
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